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ABSTRACT. A packing of partial difference sets is a collection of disjoint partial difference
sets in a finite group GG. This configuration has received considerable attention in design
theory, finite geometry, coding theory, and graph theory over many years, although often
only implicitly. We consider packings of certain Latin square type partial difference sets
in abelian groups having identical parameters, the size of the collection being either the
maximum possible or one smaller. We unify and extend numerous previous results in a
common framework, recognizing that a particular subgroup reveals important structural in-
formation about the packing. Identifying this subgroup allows us to formulate a recursive
lifting construction of packings in abelian groups of increasing exponent, as well as a prod-
uct construction yielding packings in the direct product of the starting groups. We also
study packings of certain negative Latin square type partial difference sets of maximum
possible size in abelian groups, all but one of which have identical parameters, and show
how to produce such collections using packings of Latin square type partial difference sets.

Keywords: Finite abelian group, packing, partial difference set

Mathematics Subject Classifications: 05B10, 20K01

1. Introduction

A recurring theme across many diverse areas of mathematics is the natural occurrence of struc-
tures for which a key aspect can take one of only two values. We mention several examples of this
two-valued phenomenon. In coding theory, a projective two-weight code is a linear code whose
codeword weights take one of exactly two distinct values [13]. In finite geometry, a projective
two-intersection set is a point set in projective space whose intersection with each hyperplane
has one of exactly two distinct sizes [13]; and an m-ovoid or a tight set in a polar space is a point
set whose intersection with every tangent hyperplane of the polar space has one of exactly two
distinct sizes [10, Chapter 2], [66, Section 4.5]. In graph theory, a strongly regular graph has
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exactly two distinct eigenvalues [10, Chapter 1]. In group theory, a rank 3 permutation group has
exactly two nontrivial orbitals [13, Section 10]; and a symmetric Schur ring of dimension 3 over
a group G is a partition of the nonidentity group elements into exactly two nontrivial subsets
which, together with the identity element, form a subalgebra of C[G] [90]. In number theory,
uniform cyclotomy is a partition of the nonzero elements of a finite field into cyclotomy classes
such that exactly two distinct cyclotomic numbers occur [6].

An underlying connection between many instances of these two-valued phenomena is pro-
vided by a partial difference set. Indeed, let D be a k-subset of an additive abelian group GG of
order v. The subset D is a (v, k, A, 1) partial difference set in G if the multiset {x — y | z,y €
D, x # y} contains each nonidentity element of D exactly A times and each nonidentity element
of G\ D exactly y times. Partial difference sets, possibly having some additional properties,
give rise to examples of each of the above structures. The construction of partial difference sets
is therefore of great interest. We refer to [13, 60] for excellent surveys of partial difference sets
and equivalent structures, and to [1, 2, 4, 5, 8,9, 11, 12, 14, 15, 17, 18, 19, 20, 21, 22, 24, 25,
26,27, 28,29, 30,31,32,37,38,42,43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 54, 58, 59, 61, 62, 63,
64, 65, 67,68, 69, 70,71, 72,73,74,75,76,77,78,79, 80, 82, 84, 85, 86, 89] for investigations
spanning twenty-five years into which groups GG contain a partial difference set with specified
parameters (v, k, \, ).

This paper is concerned with the construction of two of the richest classes of partial difference
sets, whose parameters are determined by only two integers. A partial difference set whose
parameters (v, k, A, ;1) take the form (n?,7(n — 1),n + r(r — 3),r(r — 1)) has (n,r) Latin
square type, and one whose parameters take the form (n?,7(n+1), —n+r(r+3),7(r+1)) has
(n, 1) negative Latin square type. A partial difference set D in G is regular if 1¢ ¢ D and D =
{d='| d € D}. A great deal of research has been conducted into the existence of a collection
of t > 1 disjoint regular (tc, ¢) Latin square type partial difference sets in an abelian group G of
order t2c?. The number of elements of GG avoided by the partial difference sets of such a collection
is tc, so the collection has maximum possible size when ¢ > 1. The principal motivation for
this paper was the discovery of a widespread structural property that does not seem to have
been previously recognized: in all previous constructions, possibly after some modification,
the tc avoided elements of GG form a subgroup U. We therefore refer to such a collection of
partial difference sets as a (¢, t) LP-packing in G relative to U. The presence of the associated
subgroup U is key to the recursive lifting construction of LP-packings of increasing exponent
that we present in Section 5. In general, lifting constructions (that increase the group exponent)
have historically been more challenging to find than product constructions (that combine objects
into the direct product of the starting groups). Table 1.1 illustrates how widely the concept of LP-
packings has been previously studied, often implicitly, and in each case identifies the subgroup U
explicitly. In some cases, identifying the crucial subgroup U from the original reference requires
considerable effort.

We shall unify and extend many results for LP-packings, whose original derivation relied
on a variety of sometimes delicate approaches, by means of a common framework that depends
only on elementary methods. We shall show that we have considerable control over the choice
of the associated subgroup U. In addition to the recursive construction of Section 5, we shall
give a product construction for LP-packings in Section 4. We present the following result (to be
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proved as Corollary 5.4) as a showcase for our constructions.

Theorem 1.1. Let p be prime, let s1,. .., s, be nonnegative integers (not all zero), and let m =
min{s; | s, > 0}. Foreachi = 1,...,v, let G; = Zifi and let U; be a subgroup of G;
of order p'i. Let G = [[]_, Gy, let U = [];_, U;, and let n = \/|G|. Then for each j =

0,...,m — 1, there exists an (pn?,j ,pm ) LP-packing in G relative to U: a collection of p™ ™

disjoint regular (n, p,,?,j) Latin square type partial difference sets in G avoiding U.

We shall show in Section 3 that a collection of ¢ disjoint regular (tc, ¢) Latin square type
partial difference sets with ¢ = 1 does not have maximum possible size, because there exists a
size t + 1 collection known equivalently as a (¢, ¢+ 1) partial congruence partition. However, we
regard the (1, ¢) LP-packing as a more natural object than the larger partial congruence partition,
because it forms the base case of the recursive construction of Section 5 and so allows a powerful
generalization to nonelementary abelian groups.

We similarly refer to a collection of ¢ — 1 > 0 disjoint regular (¢, ¢) negative Latin square
type partial difference sets in an abelian group G of order ¢*c?, for which the (¢ — 1)(tc + 1)
nonidentity avoided elements of G form a regular (tc, ¢ — 1) negative Latin square type partial
difference set in G, as a (¢, t — 1) NLP-packing; such a collection has maximum possible size
for all ¢ > 1. The NLP-packing structure was already known, and previous constructions are
summarized in Table 1.2. We shall use a product construction in Section 6 to combine small
examples of NLP-packings with the families of LP-packings constructed recursively here, and so
extend previous constructions of families of NLP-packings. We mention that both LP-packings
and NLP-packings give rise to group-based amorphic association schemes [87].

Our principal objective is to determine for which abelian groups GG and subgroups U there
exists a (c,t) LP-packing in G relative to U, and for which abelian groups G there exists a
(c,t — 1) NLP-packing in G. We propose that the natural framework for studying regular (¢c, c)
Latin square type and negative Latin square type partial difference sets is as these respective
collections, rather than as single examples.

The rest of the paper is organized as follows. Section 2 gives a historical overview of packings
of partial difference sets of Latin square type and negative Latin square type in abelian groups.
Section 3 introduces LP-packings, describes their relationship to partial congruence partitions,
establishes constraints on their structure, and presents a product construction. Section 4 intro-
duces an LP-partition as an auxiliary configuration in the construction of an LP-packing in a
larger group from an LP-packing in a smaller group. Section 5 recursively constructs infinite
families of LP-partitions and LP-packings of increasing exponent, inspired by a recursive lifting
construction of difference sets using relative difference sets [33]. Section 6 introduces NLP-
packings, and uses a product construction to combine an NLP-packing with an LP-packing to
give an NLP-packing in the direct product of the starting groups. Section 7 examines how LP-
packings and NLP-packings are related to hyperbolic and elliptic strongly regular bent functions,
and Section 8 examines how these packings are related to reversible Hadamard difference sets.
Section 9 proposes some open problems for future research.
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Table 1.1: Known (c, t) LP-packings in G relative to U, where p is prime and o is defined in (2.2)

c t Group G Subgroup U Restrictions Source
is proper

I P’ z, (pZy2 )" * 15 PIop [21, Thm. 3.1]

divisor of w > 1
P P ZZZ (pZ,2)* [32, Thm. 3.1]
ga-1 2 73, order 2%, noncyclic [36, Thm. 3.1]
pr—oew) | popw) Z (pZy2)® w>1 [51, Lem. 3.1]
]% p° Zﬁﬁl X Zi},”s Z;jfﬂ X Lye n=+/|G|anda > 1 | [57, Thm. 3.1]
pt P L, (pZy2 )™ w > 1 [59, Thm. 2.2]
p° p° Z;S (PZ2)* s>1 [80, Prop. 4.1]
81, Lem. 4.3
p(2a71)s P° Z}Z)ga (paZp‘Za)Qs [ 1
[82, Thm. 3.1]

) . v = /|G| and
% P Zgu x TT5, Zi;? Ly, X Hizl(p%pzi)%% " | >| 0 [82, Cor. 6.2]

U, So; =2

pt p A (pZy2)* p is odd divisor of w | [84, Thm. 4.1]
olw/2] | olw/2] zy (2Z4)" w>1 [91, Lem. 4.5]

2. Historical Overview

In this section, we give an overview of previous constructions of regular Latin square type and
negative Latin square type partial difference sets in abelian groups. In many cases, these results
produce only a single partial difference set, whereas our objective in later sections will be to
construct disjoint collections.

Let GG be an abelian group. We firstly present some basic results involving the group ring
Z|G] and character theory. For A € Z|G] and g € G, denote the coefficient of g in A by [A], (so
that A = 37 _[A]9). For A € Z[G], write ATV = 37 _[A],g~". For a subset A of G, by
a standard abuse of notation we also denote the group ring element » gea 9 by A. A character
x of G is a group homomorphism from G to the multiplicative group of the complex field C.
Write G for the character group of G. A character x € G is principal on a subgroup H < G if
x(h) = 1 for each h € H. For a subgroup H < G, write

H' = {y € G| x s principal on H}

(so that G+ consists of only the principal character on ). For y € G and A € Z|G], write
X(A) for the character sum > _,[A],x(g). For a more detailed treatment of group rings and
character theory, see [7, Chap. VI] and [83, Chap. 1].

Definition 2.1. Let D be a k-subset of an additive group GG of order v. The subset D is a
(v, k, A\, p) partial difference set (PDS) in G if the multiset {x — y | z,y € D,z # y} contains
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Table 1.2: Known (¢, t — 1) NLP-packings in G

& t—1 Group GG Restrictions Source
n =4/|G| and prime p; > 3,
1 1| 23 x 2y x [[, 22 < 23 x [[;_, 2% w,w, si,y,t; >0, [20, Prop. 3.12]
ifu=0theny =%, =0
= +/|G| and i =0,
no | 23 7w x [, 22 n=vI6landu,w,s [20, Prop. 3.13]
3 =330
w# 1
" 3 Ly X LY % [Ty 233 n = /|G| and u,w,s; > 0, [20. Prop. 3.14
4 2u w2 4s; , Prop. 3.14]
23" X Ly x T1is 2oy u#landw ¢ {1,3}
0< if w odd 38, Cor. 2.2
go-1 3 720 x vt uSwifwo [ or. 2.2]
0 <u < wifweven [39, Thm. 3.6]
= /|G| and u i = 0,
no| o3 74 x 720 x [, Zi n = VIGlanduw, s, [82, Thm. 4.2]
ut+w =1
1 2 73 x [T, 223 n = /|G| and u, s9; > 0 [82, Cor. 5.1]
Jw-t 2 73w w>=1 [86, Thm. 1]

each nonidentity element of D exactly A times and each nonidentity element of G — D exactly
p times. The partial difference set is regular if 1o ¢ D and D = DV,

The condition D = D) in Definition 2.1 is guaranteed to hold except in the special case
A = pu [60, Prop. 1.2], in which case the partial difference set is a (v, k, \)-difference set in G
(see Section 8). Provided that D = D=V, the condition 14 ¢ D is not restrictive [60, p. 222];
we shall be concerned only with partial difference sets that are regular. Let D be a k-subset of a
group G of order v for which 1¢ ¢ D. Then, in group ring notation, D is a (v, k, A, ) PDS in
G if and only if

DDV =k — pu+ (A= p)D 4+ pG  in Z[G]. (2.1)

The following result is a consequence of the orthogonality properties of characters.

Proposition 2.2 (Fourier inversion formula). Let G be an abelian group and let A € Z|G]. Then

A, = |G|ZX )x(g) foreach g € G.

xX€G

In particular, elements A, B of |G| are equal if and only if x(A) = x(B) for all x € G.

For a regular PDS D, we can use the relation D = D to rewrite (2.1) as D? = k — u +
(A — u)D + puG in Z|G]. Applying a nonprincipal character y to both sides then shows that the
character sum x/(D) satisfies the quadratic equation x(D)? — (A — p)x(D) — (k — ) = 0. Using
Proposition 2.2, we therefore obtain the following characterization of a regular partial difference
set in terms of its character sums.
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Lemma 2.3 ([60, Cor. 3.3]). Let G be an abelian group of order v. Let D be a k-subset of G
for which 16 ¢ D. Let \, ji be nonnegative integers satisfying k* = k — u+ (A — u)k + pv and
(A—p)? +4(k —u) = 0. Then D is a regular (v, k, \, p) partial difference set in G if and only
if

X(D) = %()\ — (= )2+ 4k — u)) for all nonprincipal characters x of G.

We are interested in the following two types of parameters for partial difference sets.

Definition 2.4. Let n > 1 and r > 0 be integers. An (n?, r(n —¢€),en +r* — 3er,7? — er) PDS
is an (n,r) Latin square type PDS if ¢ = 1, and is an (n, ) negative Latin square type PDS if
e=—1.

The connection between Latin square type partial difference sets and Latin squares is “rather
indirect” [52, p. 2]. We allow the case » = 0 in Definition 2.4, which corresponds to the empty
set (see Remark 6.2 (iii)).

We next give a character-theoretic description of the two parameter sets of interest.

Lemma 2. 5 Letn > 1 and r > 0 be integers, and let ¢ € {1,—1}. Let G be an abelian group
of order n?, and let D be an r(n — €)-subset of G. Then D is a regular (n,r) Latin square type
PDS in G (when € = 1), and is a regular (n,r) negative Latin square type PDS in G (when
e = —1), if and only if

X(D) € {—er,e(n —1r)} forall nonprincipal characters x of G.

If Disa regular (n,r) Latin square type or negative Latin square type PDS in G, then the
character set D = {x € G | x(D ) = €(n —r)} is also a regular (n,r) Latin square type or
negative Latin square type PDS in G respectively.

Proof. The first statement follows directly from Lemma 2.3. The second statement is obtained
from [60, Thm. 3.4]: let D* be the dual of D as defined in [60], and note that D = D7 in the
case € = 1 and that D = G—lA—D+1nthecasee——1 [

We now briefly survey the numerous previous constructions of Latin square type and negative
Latin square type partial difference sets, which we classify into three classes that are restricted to
elementary abelian groups and five that are not. The three construction classes that are restricted
to elementary abelian groups arise from the following sources.

(1) Projective two-intersection sets.

Projective two-intersection sets (sometimes called two-character sets) are classical configu-
rations from finite geometry that provide a series of constructions [1, 2,9, 22, 24, 25, 26, 27,
31, 47, 54, 73] (see also [60, Sect. 9]). Recently, projective two-intersection sets have been
intensively studied in the context of intriguing sets in polar spaces (see [4, 5, 8, 12, 28, 29,
30, 42], for example). See [23] for a recent survey of intriguing sets, and [66, Sect. 4.5] for
a detailed account of the connection between these sets and Latin square type and negative
Latin square type PDSs.
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Nondegenerate quadratic forms and their generalizations.

A fundamental construction employs nondegenerate quadratic forms over finite fields [60,
Thm. 2.6]. This construction has been greatly extended to allow the quadratic form to be
replaced by other functions, including bent and vectorial bent functions [14, 15, 17, 20, 44,
72, 86].

Cyclotomic classes of a finite field.

A seminal construction due to Baumert, Mills and Ward involves uniform cyclotomy in a
finite field [6], [60, Thm. 10.3]. Further cyclotomic constructions have been proposed, based
on sophisticated number-theoretic techniques [62, 63, 65, 67, 68, 69, 71].

We now describe the five construction classes that are not restricted to elementary abelian

groups. We shall later use LP-packings and NLP-packings to streamline many of these con-
structions, using only elementary methods. In some cases, we shall give a unified treatment for
previously known parameter sets; in other cases, we shall produce examples with entirely new
parameter sets.

&)

2

Direct constructions via partial congruence partitions

Definition 2.6. Let G be a group of order n? > 1. An (n,r) partial congruence partition
of degree r in G is a collection {Uy, ..., U, } of order n subgroups of G such that U; N U; =

{1¢} for all i # j.

IfUy,...,U, is an (n,r) partial congruence partition in G, then >, (U; — 1¢) is a regular
(n,r) Latin square type partial difference set in G [3, Sect. 4.1]. A central objective in the
study of (n,r) partial congruence partitions in groups of order n? is to determine the largest
possible degree 7 [3, 55, 56]. The following result determines this value for abelian p-groups
of the form H x H.

Result 2.7 ([3, Thm. 2.7]). Let sy, . . ., s, be nonnegative integers and let m = min{s; | s; >
0}. Let p be prime and let G = [];_, Zifi and let n = \/|G|. Then the largest integer r

for which there exists an (n, r) partial congruence partition in G is p™ + 1. Therefore there
exists a regular (n,r) Latin square type PDS in G for each positive integer v < p™ + 1.

We shall strengthen Result 2.7 using Corollary 5.4: see Remark 5.5 (7).

Direct constructions via finite local rings

For positive integers p and w, define the function

(p, w) = max ¢ Qw/g - QJ + 1) , 2.2)

Clw p
which determines the parameters of Latin square type partial difference sets in Z; under the
construction of [51, Corollary 3.4]. Various direct constructions of Latin square type partial
difference sets exploit the structure of finite local rings [21, 38, 49, 50,51, 52, 57, 59, 80, 84].
We summarize below the constructions from [21, 49, 50, 51, 52, 57, 59, 84], which we shall
strengthen using Corollaries 5.4 and 5.7: see Remarks 5.5 (7i) and 5.8.
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Result 2.8. Let p be prime. There exists an (n,r) Latin square type PDS in a group G of
order n? for the following G and r, where r < n.

(i) G = Z;fg for w > 1, and r is a positive integer multiple of W ([51, Thm. 3.2,
Cor. 3.4]).

(ii) G = Z;UQ X Zzuwforw > 1 and a positive integer u, and r is a positive integer multiple
of sty ([49, Thm. 3.1]).

(iii) G =11;_, Zifi for nonnegative integers s1, . . ., S,, and r is a positive integer multiple

AAAAA

(3) Lifting constructions via finite local rings

Finite local rings also provide constructions for Latin square type partial difference sets that
lift examples from a group G x G to a larger group G’ x G’ [48, 50, 52]. We shall present
in Theorem 4.4 a ring-free lifting construction that applies to a collection of Latin square
type partial difference sets, rather than just a single one. This construction leads to the result
stated in Theorem 1.1, which recovers the parameters of partial difference sets constructed
via lifting in each of [48], [50, Sects. 4, 5], and [52].

(4) Product constructions

Various delicate product constructions for Latin square type and negative Latin square type
partial difference sets have been found [62, 74, 75, 78, 79, 82]. The following examples
occur in p-groups having arbitrarily large exponent.

Result 2.9 ([82, Cor. 6.2]). Let p be prime, and let v and ss, Sy, . . . , So, be nonnegative
integers. Let G = ZIZ)“ x 11, Zﬁ;?i and let n = \/@ Then there is a partition of G — 1g
into p regular partial difference sets in G, of which p— 1 are of (n, %) Latin square type and
one is of (n, o+ 1) Latin square type.

We shall strengthen Result 2.9 using Corollary 5.4 (see Remark 5.5 (v)).
Result 2.10 ([82, Thm. 4.2, Cor. 5.1]).

(1) Let u,w and sy, Sg, - . ., So, be nonnegative integers satisfying w +w > 1. Let G =
Z3" x 23" x [ 1i_y Z;‘;?i and let n = \/|G|. Then there is a partition of G — 1¢ into 4
regular partial difference sets in G, of which three are of (n, ) negative Latin square
type and one is of (n, § — 1) negative Latin square type.

(17) Letwand sg, Sy, . .., So, be nonnegative integers. Let G = Zg“” x 1T, Zg;?i and let
n = \/|G|. Then there is a partition of G — 1¢ into 3 regular partial difference sets
in G, of which two are of (n, §) negative Latin square type and one is of (n, 5 — 1)

negative Latin square type.

We shall strengthen Result 2.10 using Corollary 6.13 (see Remark 6.14).
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(5) Constructions in Galois domains

A final construction class uses cyclotomy [46] and character sums [64, 70] over Galois do-
mains (direct products of finite fields) to produce partial difference sets in the direct product
of elementary abelian groups.

3. LP-Packings

In this section, we introduce a (c, t) LP-packing as a collection of ¢ disjoint regular (tc, c) Latin
square type PDSs, in an abelian group of order t?c?, whose union satisfies an additional prop-
erty. We provide examples of LP-packings, describe their relationship to partial congruence
partitions, establish constraints on their structure, and present a product construction.

A principal motivation for this paper was the realization that in many previous constructions
of such collections, possibly after some modification as summarized in Table 1.1, the tc-set
G — 2221 P; of elements avoided by the partial difference sets forms a subgroup U of GG. Our
definition of a (¢, t) LP-packing is based on this observation.

Definition 3.1 (LP-packing). Let £ > 1 and ¢ > 0 be integers. Let G be an abelian group
of order t?c?, and let U be a subgroup of G of order tc. A (c,t) LP-packing in G relative
to U is a collection { Py, ..., P} of t regular (tc, c¢) Latin square type PDSs in G for which
25:1 P=G-U.

Remark 3.2. In Definition 3.1, each P, is a ¢(tc — 1)-subset of G, and |G — U| = te(tc — 1),
so the relation 22:1 P, = G — U is equivalent to the statement that the P; are disjoint and their
union is G — U.

We next give a characterization of a (¢, t) LP-packing involving character sums.

Lemma 3.3. Let Py, ..., P, be c(tc — 1)-subsets of an abelian group G of order t>c* and let U
be a subgroup of G of order tc. Then {Py,..., P} is a (¢,t) LP-packing in G relative to U if
and only if the multiset equality

{=¢,...,—c} ifxy € UL,
{(t—1)ec,—c,...,—c} ifx¢ U+

holds for all nonprincipal characters x of G.

X(P),...,x(P)} = { (3.1

Proof. Let x be a nonprincipal character of G.
Suppose firstly that { Py, ..., P;} is a (¢, t) LP-packing in G relative to U. Apply x to the
. t .
equation ) ., P, = G — U to give

t
—te ify e U,
S u(P) - {0 et
= it ¢ U
Since x(P;) € {—c, (t — 1)c} for each i by Lemma 2.5, this implies that

{=c¢,...,—c} if y ¢ U+,

X(P1), .. x(P)} = {{(t— De,—c¢,...,—c} ifx ¢ Ut
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as required.

Now suppose that (3.1) holds. Then each P; is a ¢(tc — 1)-subset of G for which x(P;) €
{—c¢, (t — 1)c}, and so by Lemma 2.5 is a regular (tc, ¢) Latin square type PDS in G. It remains
to show that 3! P, = G — U. We have from |P;| = ¢(tc — 1) and (3.1) that, for all y € G,

; te(te—1) if y € G+,
X(ZR’)Z —tc if y € U\ G+,
i=1 0 if y ¢ U™

By the Fourier inversion formula (Proposition 2.2), this implies that Zle P, =G -U, as
required. H

A (t,t+ 1) partial congruence partition (see Definition 2.6) lies at the heart of many config-
urations [40], [41, Sect. 4]. We next show that this structure can equivalently be expressed as a
(1,t) LP-packing.

Proposition 3.4. Let G be an abelian group of order t2, let Uy, . .., U, be t-subsets of G, and
let Uy be a subgroup of G of order t. Then {Uy, Uy, ...,U;} is a (t,t + 1) partial congruence
partition in G if and only if {U; — 1¢,...,U; — 16} is a (1,t) LP-packing in G relative to U,.

Proof. By Definition 2.6, {Uy, Uy, ...,U;} is a (t,t + 1) partial congruence partition in G if
and only if each of Uy, ..., U, is a subgroup of G and Zﬁ:o U; = G + tlg. By Definitions 2.4
and 3.1, {U; — 1g,...,U; — 1¢} is a (1,t) LP-packing in G relative to Uy if and only if each
of Uy — 1g,...,U; — 1¢ is a regular (2, — 1,t — 2,0) PDS in G and 3"_ (U; — 1g) =
G — Uy. It is therefore sufficient to show for ¢ = 1,... ¢ that U; is a subgroup of G if and only
if U; — 1 is aregular (t2,¢ — 1,¢ — 2, 0) partial difference set in G. This follows directly from
Definition 2.1. [

The following result greatly constrains the degree of a partial congruence partition.

Result 3.5. Suppose there exists an (n,r) partial congruence partition of degree r in an abelian
group G of order n®. Thenr < n + 1, and

(i) if r = |\/n] + 2 then G is elementary abelian ([55, Thms. 3.1, 3.4]).

(ii) if r = \/n + 1 then either G is elementary abelian or G = (Z,2)" for some prime p and
positive integer w ([56, Cor. 5.3]).

By Result 3.5 (i), a (¢,¢ + 1) partial congruence partition in an abelian group G can exist
only when ¢ = p® for some prime p and positive integer s, and G = ng. By Proposition 3.4,
such a structure exists if and only if there is a (1, p®) LP-packing in G relative to an order p*
subgroup. We now show, in an example we shall refer to frequently in the rest of the paper, that
this structure exists for all primes p and positive integers s by reference to a spread of a vector
space over a finite field.

10
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Definition 3.6. Let p be prime and s a positive integer, and let V' be a 2s-dimensional vector
space over the field F,, with identity 1y. A spread of V is a (p® + 1)-set {Hy, Hy, ..., Hp } of
s-dimensional vector subspaces of V' such that H; N H; = {1/} for all i # j.

Example 3.7. Let p be prime and s a positive integer, and let V' be a 2s-dimensional vector
space over the field F, with identity 1y. Then there exists a spread {Hy, Hy,...,Hpy} of V
[53, Chap. VII, Sect. 5]. By Definitions 2.6 and 3.6, { Hy, . .., H,: } forms a (p®, p* 4 1) partial
congruence partition in V', because H; is a subgroup of order p° in V' = Z?)S if and only if H;
is an s-dimensional vector subspace of V. Then by Proposition 3.4 with ¢ = p*, we see that
{H, — 1y,..., Hy — 1y} is a (1,p°) LP-packing in V' = Z2° relative to Hy = Z;, and by
Lemma 3.3 each nonprincipal character of V' is principal on exactly one of Hy, ..., Hps.

Remark 3.8. According to Definition 3.1, a (¢, t) LP-packing involves a collection of ¢ disjoint
regular (tc, ¢) Latin square type PDSs in an abelian group G of order t*c?. Since this collection
covers all but tc elements of (G, and each PDS contains c¢(tc — 1) elements, the collection has
maximum possible size when ¢ > 1. The collection is not necessarily of maximum possible size
when ¢ = 1: for p prime and ¢ = p®, the (¢, t+1) partial congruence partition of Example 3.7 is a
collection of ¢ + 1 disjoint regular (¢, 1) Latin square type PDSs in the elementary abelian group
of order t2. However, as Result 3.5 shows, if we instead attempt to create a partial congruence
partition in a non-elementary abelian group of order #? then the degree must drop from ¢ +
1 to at most L\/ﬂ + 1, covering a proportion of only about 1/+/ of the elements of G. In
contrast, in Section 5 we shall provide constructions of (¢, t) LP-packings with ¢ > 1 in various
nonelementary abelian groups. For this reason, we regard a (c, t) LP-packing with ¢ > 1 as a
natural generalization of a (¢, + 1) partial congruence partition.

The characterization in Lemma 3.3, together with Lemma 2.5, shows that we can combine
subsets from an LP-packing to obtain Latin square type PDSs with various parameters.

Lemma 3.9. Suppose that {Pi, ..., P,} is a (c,t) LP-packing in an abelian group G of order
t2c? relative to a subgroup U of order tc. Let I be a b-subset of {1, ...,t}. Then

(1) > icp P is a regular (tc, be) Latin square type PDS in G.
(it) > ;e; B+ U — 1g is a regular (tc,bc 4 1) Latin square type PDS in G.

Remark 3.10. Suppose that { Py, ..., P} is a (¢, t) LP-packing in an abelian group G of order
t2c? relative to a subgroup U of order tc.

(i) By Definition 3.1 and Lemma 3.9, we see that { Py, ..., P,_1, P, + U — 14} is a partition
of G — 1 into ¢ regular partial difference sets in GG, of which the first t — 1 are of (tc, ¢)
Latin square type and the last is of (¢c, ¢ 4+ 1) Latin square type.

(ii) For each i, let P; = {x € G | x(P,) = (t — 1)c}. By Lemma 2.5, each P; is a regular
(te, ¢) Latin square type PDS in G ,and by Lemma 3.3 each y € G \ U+ belongs to exactly
one /Pv, and each y € U+ belongs to no E By Definition 3.1, the collection {]ADI, e TD;}
is therefore a (¢, t) LP-packing in G relative to U™,
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Combining the subsets of an LP-packing into equally-sized collections gives an LP-packing
with fewer subsets.

Lemma 3.11. Suppose there exists a (c,t) LP-packing in an abelian group G of order t*c?
relative to a subgroup U of order tc, and suppose s divides t. Then there exists an (sc, ﬁ) LP-
packing in G relative to U.

Proof. Let{Pi,..., P,} bea(c,t) LP-packing in G relative to U, and let

P‘/:Pis+1+Pis+2+"'+-Pis+s fori:(),l,...,é—l.

1

Then Lemma 3.3 shows that { £y, ..., Pi_ }is an (sc, £) LP-packing in G relative to U. O

The following result, which is inspired by [36, Lemma 3.2], allows us to establish some
constraints on LP-packings in Proposition 3.13. These constraints assist in finding examples
computationally, as demonstrated in Example 3.14.

Lemma 3.12. Let G be a group of order n* and let U be a subgroup of order n. Let {go, g1, . - - ,
Gn—1} be a complete set of right coset representatives for U in G, where U gy = U. Suppose P
is a regular (n,r) Latin square type PDS in G for which PNU = @. Then |P N Ug;| = r for
eachi=1,...,n— 1

Proof. Since PNU = &,
n—1
r(n—1)=|P| =) _|PNUg. (3.2)
=1

For all z,y € P, we have zy~! € U if and only if x, y belong to the same right coset of U.
Therefore

n—1
Y IPnUg? =) [PPY], (3.3)
i=1

geU
Now P isan (n? r(n —1),n+r*—3r,r? — r) PDS in G, and so by (2.1)
PPY =p(n—7r)+ (n—2r)P 4+ (r* — 1)G.
Since P N U = @, this implies that
Z[PP(’U]Q =r(n—7r)+@*—=r)n=r*(n-1).
geU

Substitution in (3.3) then gives

n—1

Y IPNUG =r*(n—1),

i=1

which, by the Cauchy-Schwarz inequality and (3.2), gives |PNUg;| = rforeachi = 1,...,n—1
as required. [

12
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Proposition 3.13. Let G be an abelian group of order t>c?, and let U be a subgroup of G of

order tc. Let {go, ¢1,- - -, Gie—1} be a complete set of right coset representatives for U in G,
where U gy = U, and define subsets S, N of {1,... tc — 1} by

S={j|Ug;=Ug;'},
N contains exactly one of j, k when Ug; # U gj_l = Ugy.

Suppose that { P\, . .., P;} is a (¢, t) LP-packing in G relative to U. Then there are c-subsets H,;
ofUfori=1,...;tand j =1,... tc — 1 satisfying

P,=Y " Hygi+Y  (Hyg;+H;Vg:") foreachsi,

jeS JEN
H; Vgt = Hyg; forjes
5 gt = Hyg, jeSs,

H’L(] )93 = H;pgr forj € N where Ugj_1 = Ug;,

t
U= ZHU foreach j.

i=1

Proof. By Definition 3.1, each P, is a regular (tc, ¢) Latin square type PDS in G, and G — U is
the disjoint union of the P;. Write

tc—1
P, =Y (PNUg))
j=1
=Y (PnUg)+> ((PnUg)+ (PNUg™). (3.4)
j€S JEN
By Lemma 3.12, foreachi =1,...,tand each j = 1,...,tc — 1 we may write

P,NUg; = H;jg; for some c-subset H;; of U.

Substitute in (3.4) and use P, = Pi(_l) to give

b = Z Hijg; + Z Hi;g; + Hi(j_l)gj_l)’

jES JEN
and the constraints Hi(j_l)gj_1 = H,;g; for j € S, and Hi(j_l)gj_1 = H;,g, for 5 € N where
Ugj_1 = Ug. For each j, we have Ug; = >.._ (PN Ug;) = S.._, Hi;g; and therefore
U=, H;. O

Example 3.14. Using Proposition 3.13, we obtain the following exhaustive search results for
LP-packings in Z3 relative to two nonisomorphic order 8 subgroups.
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(i) There are exactly 1536 distinct (4, 2) LP-packings { Py, P>} in Z} = (z,y, z) relative to
(2Z4) x (2Z4) X (27Z4) = (x*,y?, 2*), one of which is
Pr=(1+ 2% + 4% + 229%)a + (22 + 220% + 22 + 220y + (22 + 2222 + o7 + 122%)z
+ (P + 22+ 2 + 22y ay + (14 2 + 22 4 22%)xz
4 (22 + 222 + 2227 4+ 22220 yz + (4 + 2+ 22 + 22Ty,
Py =(z,y, 2) — (2% y* %) — P,.

The presented form of P, shows that both P, and P, intersect the seven nonidentity cosets
of the subgroup (2, y2, 2?) in (z,y, ) in exactly 4 elements.

(i1) There are exactly 512 distinct (4,2) LP-packings { Ry, Ry} in Z3 = (z,y, 2) relative to
Zy x (2Z4) = (z,y*), one of which is

Rl :(y2 +xy2 +x2y2 +.’,C3)Z + (.I' +xy2 +x3 +:L_3y2)z2 + (yQ +x +x2y2 +x3y2)23
+ (z+ 2% + 227 + 23y y + (1 + 22 + 2% + 2%z
+ (2 4 22 + 227 + 2Pyt + (1 + 2+ oy® + o)y,

Ry =(z,y,2) — (z,9%) — Ri.

The presented form of 2, shows that both R; and R, intersect the seven nonidentity cosets
of the subgroup (z, 3?) in (z, y, z) in exactly 4 elements.

We conclude this section with a product construction for LP-packings.

Theorem 3.15. For j = 1,2, suppose there exists a (c;,t) LP-packing in an abelian group G
of order t%? relative to a subgroup U; of order tc;. Then there exists a (tcico,t) LP-packing in
G x Gy relative to Uy x U,.

Proof. Forj =1,2,1et{P;y,...,P;j;—1} bea(c;,t) LP-packing in G, relative to U; and define

t—1
Ky =P U+ UiPoy+ Y PriPype forl=0,...t—1,
i=0

where the subscript i+/ is reduced modulo ¢. We shall use Lemma 3.3 to show that { Ky, K7, . . .,
K, 1} is a (tcico, t) LP-packing in Gy x G relative to Uy x Us.

Each P;; is a ¢j(tc; — 1)-subset of G; — U, so each Ky is a subset of G; x G of size
c1(tey — Dteg + teyea(tea — 1) + ZZ;(I) ci(ter — Deg(tey — 1) = tepea(t2cieo — 1). Let x be a
nonprincipal character of Gy x G, and let x; = x|g, for j = 1,2. Then

t—1

X(Ke) = x1(Pre)x2(U2) + x1(Ur)x2(Par) + Z X1 (Pri)xe(Poive) forl=0,....t—1.
i=0

By Lemma 3.3, it remains to prove that

(3.5)

{x(Kp) (K1)} = {—tcica, ..., —tciea} if x € (U x Uz)L,
ey - {t(t — 1)cico, —teicy, ..., —tereo}  if x & (Up x Up)*.

14
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For 5 =1, 2, by Lemma 3.3 we are given that

{Cj(th—1),...,Cj(th—1)} leJ € G]L,
UG(Bo)s - xi(Biema)} =  {=¢5 - =5} it x; € Uj \ G,
{(t—1)0j7—0j7...,—0j} leJ ¢ U]J'

Since  is nonprincipal on G; x (G, we may assume by symmetry that y» is nonprincipal on
G,. Again by symmetry, we need to consider only the following three cases, which together
establish (3.5).

Case 1: ; is principal on U; and X is principal on Us.
Then x; (P, ;) is constant over ¢ (regardless of whether y; is principal or nonprincipal on
G1), 50 X(K¢) = x1(Pre)tes + ter(—c2) + x1(Prge) Zﬁ;é(—cz) = —tc;cy for each /4.

Case 2: y; is principal on U; and x5 is nonprincipal on Us.
Then (P, ;) is again constant over i and YS!} xa(Pa;) = 0, so x(K;) = tcixa(Pay)
which giVCS {X(Kg), C 7X(Kt—1)} = {t(t — 1)0102, —tclcg, Cey —tclcg}.

Case 3: y; is nonprincipal on U; and Y is nonprincipal on Us,.
Then x(K;) = Y2'—) x1(Pri)x2(Paite), so the multiset {x(Kp), ..., x(K; 1)} contains
one occurrence of the value (t —1)cy (t—1)ca+ (t—1)(—c1)(—c2) = t(t—1)c1c9, and t— 1
occurrences of the value (t — 1) (—c2) + (—c1)(t —1)ca + (t —2)(—c1)(—co) = —tcico.

]

Remark 3.16. The construction of Theorem 3.15 is closely modelled on the product construc-
tion for collections of Latin square type PDSs presented by Polhill in [82, Thm. 2.2]. Indeed, the
configuration described in [82, Lemma 2.1] for e = 1 can be represented as { Py, ..., P,_1, P, +
U—1¢g}, where { P, ..., P,}isa(c,t) LP-packing in G relative to U (see also Remark 3.10 (7)).
Our construction has the advantage that, by identifying the role of the avoided subgroup U in
the definition of an LP-packing, we are able to control the avoided subgroup U; x U, in Theo-
rem 3.15.

We extend the construction of Theorem 3.15 using Lemma 3.11.

Corollary 3.17. For j = 1,2, suppose there exists a (c;,t;) LP-packing in an abelian group G
of order t?c? relative to a subgroup U; of order t;c;, and suppose that 1, divides ty. Then there
exists a (tycico, t1) LP-packing in G1 x Gy relative to Uy X Us.

Proof. By Lemma 3.11 with s = i—f, there exists a (%CQ, t1) LP-packing in G+ relative to Us.
Then by Theorem 3.15, there exists a (toc1co, t1) LP-packing in Gy X Gy relative to Uy x Uy, [

4. LP-partitions

In this section, we introduce a (c, t) LP-partition as an auxiliary configuration in the construction
of an LP-packing in a larger group from an LP-packing in a smaller group. We then show how
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to construct an LP-partition from a collection of LP-partitions in various factor groups. We
shall apply these two constructions recursively in Section 5 to produce infinite families of LP-
packings.

Definition 4.1 (LP-partition). Let ¢ > 1 and ¢ > 0 be integers. Let GG be an abelian group of
order t%c?, let V be a subgroup of G of order tc?, and let H < V. A (c,t) LP-partition in G —V
relative to H is a collection {Ry, ..., R;} of ¢ disjoint (¢ — 1)c?-subsets of G whose union is
G — V and for which the multiset equality

{=c2,..., =%} if y e V4,
{xX(R1),....x(R)} =< {0,...,0} if y € H-\ V4,
{(t—1)c,—c,...,—c} ifx ¢ H*.

holds for all nonprincipal characters y of G.
Remark 4.2.

(7) In Definition 4.1, we can deduce that the R; are disjoint and their union is G — V' from the
other conditions, by applying the Fourier inversion formula to the equation

: tit—1)c* ify e Gt
X(ZRi) =< —tc? if y € V1\ G+,
i=1 0 ity ¢ VL,

(77) Each subset of a (¢, t) LP-partition in G — V relative to H is a (G, V, H; ¢) Latin shell, as
introduced in [52, Defn. 3.1] as an auxiliary configuration in the construction of a single
Latin square type PDS.

A simple example of an LP-partition is given by a spread of a vector space (see Defini-
tion 3.6).

Example 4.3. By Lemma 3.3 and Definition 4.1, a (1, ¢) LP-packing in G relative to U is identi-
cal to a (1, ¢) LP-partition in G — U relative to U. Let t = p® for a prime p and positive integer s,
and let V' be a 2s-dimensional vector space over I, with identity 1y. Let {Hy,..., H,:} be a
spread of V' = Z2°. Following Example 3.7, {H, — 1y, ..., Hys — 1y} is therefore a (1,p°)
LP-partition in V' — Hj relative to H, as well as a (1, p®) LP-packing in V relative to H.

We next combine the subsets of an LP-partition with the subsets obtained by lifting an LP-
packing, in order to produce an LP-packing in a larger group.

Theorem 4.4. Let G be an abelian group of order t*c? containing subgroups H < U <V < G,
where H, U, V have order t, t>c, t3c?, respectively. Suppose there exists a (te,t) LP-partition
in G — V relative to H, and a (c,t) LP-packing in V/H relative to U/H. Then there exists a
(te,t) LP-packing in G relative to U.

16
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Proof. Let {Ry,..., R;} be a (tc,t) LP-partition in G — V relative to H, and let { Py, ..., P}
be a (¢, t) LP-packing in V/H relative to U/H. Fori = 1,...,t,let P/ ={g €V | gH € P;}
be the pre-image of P; under the quotient mapping from V' to V/ H. We shall use Lemma 3.3 to
show that { P| + Ry, ..., P/ + R,} is a (tc, t) LP-packing in G relative to U.

Each P, is a ¢(tc — 1)-subset of V//H — U/H by Definition 3.1, so each P/ is a tc(tc — 1)-
subset of V' — U. Since each R; is a (t — 1)(tc)*-subset of G — V by Definition 4.1, it follows
that each P/ + R, is a subset of G of size |P/| + |R;| = tc(t?c — 1).

By Lemma 3.3, for all characters ¢ of V//H we have

{c(te—1),...,c(te—1)} ify e (V/H),
{v(P), - o(B)y = ¢ {-c....—c} if v € (U/H)=\ (V/H)*,
{t—1De,—c,...,—c} if ¢ (U/H)*.

Let x be a nonprincipal character of GG. If x is principal on H then it induces a nonprincipal
character ¢ on G/H. Since P/ is a union of cosets of the order ¢ subgroup H, we obtain

N Jte(R) ifx € HY,
X(PZ')_{O ity ¢ H.

Therefore the value of {x(P}), ..., x(P/)} is as specified in the second column of the following
table:

X(P), - ox(P)} {X(R1), o ox(R)Y | (P4 Ra), oo x (P + Ry}
Xe‘ﬁi\Gi {te(te—1),...te(te—1)} | {=t?¢*..., —t*¢*} {—te, ..., —tc}
XGUL\VL {—te,...,—tc} 0.0
x € HH\U {t(t — Ve, —tc, ..., —tc} (t(t — Ve, —te, ..., —tc)
x & H* {0,...,0} {t(t — )¢, —te, ..., —tc}

By Definition 4.1, the value of {x(R;),...,x(R:)} is as given in the third column of the
table, and the fourth column contains the sum of the second and third columns. Lemma 3.3 then
implies that { P{ + Ry, ..., P/ + R} is a (tc, t) LP-packing in G relative to U, as required.

O

Remark 4.5. Lifting constructions similar to that of Theorem 4.4 were proposed in [48], [50,
Sects. 4, 5], [52], each producing a single Latin square type partial difference set. These previous
constructions make use of the delicate structure of finite local rings. In contrast, the construction
of Theorem 4.4 applies simultaneously to a collection of such partial difference sets, and does
not require ring theory.

We now construct an LP-partition by lifting and combining the subsets of a collection of
LP-partitions in various factor groups. The construction makes use of two spreads of a vector
space over a finite field (as introduced in Definition 3.6).
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Theorem 4.6. Let t = p°® for a prime p and positive integer s. Let G be an abelian group
of order t*c* containing subgroups Q < G' < G, where Q = 72° and G/G' = 12°. Let
Hy, ..., H; be subgroups of G forming a spread when viewed as subgroups of Q). Let Vg, ..., V;
be subgroups of G for which {V,/G', ..., V,/G'} is a spread of G/G', and for which H; <V,
foreachi = 1,...,t. Suppose that for each i = 1, ...t there exists a (c,t) LP-partition in
Vi/H; — G'/H, relative to ()/H;. Then there exists a (tc,t) LP-partition in G — Vj relative
to Hy.

Proof. Foreachi =1,... ¢, let{S;,...,S:}bea(c,t) LP-partitionin V;/H; — G’/ H, relative
to )/ H;. By Definition 4.1, foreach ¢ = 1, ..., t and for all nonprincipal characters ); of V; / H;
we have

{=c% ..., =%} if ; € (G'/H;)*,
{Wi(Sin), - i(Si)} = {0,...,0} if ¥ € (Q/H;)" \ (G'/H,)*,
{(t =1, —c,...,—c} ify; & (Q/H;)* .

For each i, j satisfying 1 < i,j < t,let Sj; = {g € V; | gH; € S;;} be the pre-image of Sj;
under the quotient mapping from V; to V;/H,;, and let R; = Z:’:l Szfj forj =1,...,t. We shall
show that { Ry, ..., R;} is a (tc, t) LP-partition in G — 1}, relative to H,.

By Definition 4.1, each S;; is a (t — 1)c*-subset of V;/H; — G'/H,, and so each Si;is a
t(t — 1)c*-subset of V; — G'. By Example 3.7, the V; /G’ — 1¢¢ are disjoint in G/G’ and so
the V; — G’ are disjoint in G. Therefore each R; = >'_, Sj;is at?(t — 1)c*-subset of G. By
Definition 4.1 and Remark 4.2 (i), it is now sufficient to show that, for all nonprincipal characters
x of G,

{32, ..., —t3c?} if x € V',
{t(t — 1)e, —tc,...,—tc} if x ¢ Hy.

Let x be a nonprincipal character of G. Since the H; correspond to a spread of @), if x
is nonprincipal on (), then Y is principal on exactly one of the H; (see Example 3.7). If x is
nonprincipal on V; and principal on H;, then x induces a nonprincipal character ; on V;/H;;
since each S;; is a union of cosets of the order ¢ subgroup H;, we have for each i, j satisfying

1< i,j <t that

(S-) if Hi\ vVt
! 0 if x ¢ H-.

If x is principal on G’ then it induces a nonprincipal character 7 on G /G’; since the V; /G’ form a
spread of G/G’, we then have that 7 is principal on exactly one of the V;/G” and so  is principal
on exactly one of the V;. We shall use the subgroup inclusions

H;<Q <G KV, foreachi=0,...,t. 4.2)

The conclusions of the following five cases collectively establish (4.1).

18
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Case 1: Yy is principal on V}.
Then by (4.2), x is principal on G’ and on each H;. For eachi = 1,. .. t, therefore x is
nonprincipal on V; and principal on G’/ H;. For each j, we obtain x (R;) = >_'_, x(S! )=

Y iy il Si) =t Y1 (—c?) = =12,

Case 2: y is principal on G' and nonprincipal on V4.
Then by (4.2), x is principal on each H;. Therefore  is principal on each G’/H; and
on exactly one of Vi, ...,V;, say V;. For each j, we obtain x(R;) = >./_, X(Si;) =
|S}j| +1 Zlgigt,i;ﬁ[ @Z’i(Sij) =1t - 1)02 + tZKigt,i;ﬁI(_Cz) = 0.

Case 3: Y is principal on () and nonprincipal on G'.
Then by (4.2), x is principal on each H; and nonprincipal on each V;. Therefore y is
principal on each )/ H; and nonprincipal on each G’/ H,. For each j, we obtain x(R;) =

£y i Siy) = 0.

Case 4: y is principal on Hy and nonprincipal on Q).
Then for 7 = 1,.. ., we have that y is nonprincipal on H; and so x(S;;) = 0 for each j.
Therefore x(R;) = 0 for each j.

Case 5: x is nonprincipal on Hj.
By (4.2), x is nonprincipal on () and on each V;. Therefore y is principal on exactly one
of Hy,...,H,, say H;, and is nonprincipal on ()/H;. For each j, we obtain x(R;) =
tr(Sr;) and so {x(R1), ..., x(Ry)} = {t(t — 1)¢c, —tc, ..., —tc}.

O

The following example illustrates the use of Theorems 4.4 and 4.6 to construct a (4,4) LP-
packing in Zj relative to each of the order 16 subgroups Z, x (27Z4)* and Z3 and (2Z4)* in turn,
starting from a spread of F%. In Section 5 we shall show how to apply this procedure recursively
to produce infinite families of LP-packings and LP-partitions in groups of increasing exponent
and fixed rank.

Example 4.7. Let (Fy,®,-) = {0,1,a,a?}, where a®> = a & 1. Then a spread of (F%, &)
is {((1,0)), ((0,1)), ((1,1)), ((a, 1)), {(a ® 1,1))}. Using the isomorphism from (F%, ®) to
Zs = (Y1, Y2, Y3, ya) given by (1,0) = y1, (@, 0) =y, (0,1) > ys, (0, ) = yu, this spread in
multiplicative notation is

{1, v2), (Y3, ya), (193, Y2ya), (Y2ys, Y1yoya), (Y1Y2Ys, Y1ya) }- 4.3)
Let

n

1(Y1, Y2, Y3, Ya) = Y3 + Ya + Y3y,

(Y1, Y2, Y3, Ya) = Y1Y3 + YoYa + Y1Y2y3Ya,
( )
( )

»n

3(Y1, Y2, Y3, Ya) = Yoys + Y1Y2Ys + Y1Y3Ya,
4\Y1, Y2, Y3, Y4) = Y1Y2Y3 + Y1Ys + Y2Y3Ys.

n
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Then by Examples 3.7 and 4.3,

{Sl(yb Y2, Y3, y4)7 SQ(yb Y2, Y3, y4)7 53(y17 Y2, Y3, y4)7 54(y17 Y2,Ys, y4)} (44)
is both a (1, 4) LP-partition in (yy, Yo, Y3, ya) — (y1, y2) = Z3 — Z3 relative to (yy, yo) = Z2, and
a (1, 4) LP-packing in (y1, 42, y3, ya) = Z3 relative to (y;, yo) = Z2.

Let G = Z] = (w1, T, 73, 74). We firstly use Theorem 4.6 to construct a (4,4) LP-partition
in G — (v, 19,23, 2%) = Z] — 72 x (2Z4)* relative to (z}, x3) = Z3. Let Q = (23, 23, 23, 27) =
Z3,and let G’ = (23, 23, 23, 2%) so that G /G’ = Zj. With reference to (4.3), the subgroups

Ho = (a3,23), Hi=(x3,3), H,= (afa}, a3z3),

Hy = (w33, aizgey),  Hy = (wizyas, via))
form a spread when viewed as subgroups of (). Let
Vo = (z1, 70,235, 23), Vi = (23,25, 23,24), Vo= (23,23, 2173, T274),
Va = (2%, 23, 2023, T1024), Vi = (23,25, T10973, T174),
so that, with reference to (4.3), {Vo/G',V1/G', Vo /G’ V3/G', V,/G'} is a spread of G/G" and

H; < V;fori =1,2,3,4. Then the factor groups V;/H;, G’/ H;, )/ H; take the following form
fort=1,2,3,4:

i Vi/H; G'/H; Q/Hi

1 (2?Hy, 22H,, x3H, 2, H,) = 75 (v2Hy, x3H,) 2 73 | (2*Hy, 23H,) = 7
2| (23Hy, 23Hy, x1w3Hy, xoxyHy) =2 73 | (22 Hy, 22Hy) =2 72 | (22 Hy, 22H,) =2 7
3| (22 Hs, 23 Hs, woxsH3, v1w004 Hs) = 75 | (x H3,x2H3> ~ 72 | (x?Hjz, 25H3) 2 7
4 | (22Hy, 23Hy, w1003 Hy, vyxg Hy) 2 75 | (22 Hy, 25Hy) 2 7 (:C%H4, Hy)) > 7

Since (4.4) is a (1,4) LP-partition in (y1, Y2, s, Y1) — (Y1, yo) relative to (y;, y2), where
(Y1, Y2, Y3, ya) = Zs, it follows for i = 1,2, 3, 4 that the 4 subsets of V;/ H; shown in row i of the
following table form a (1, 4) LP-partition in V;/H; — G’/ H, relative to Q/H;:

51(1}%71‘2,I37$4)H1 Sg(:p%,x%,x37x4)H1 Sg(I%7:r2,z3,:E4)H1 54(.1‘%7$2,1}3,.Z‘4)H1
Sl(l'% 2,£E11'3 1'2$4)H2 SQ(.T% %,$1$3,x2$4)H2 S3(IE% 2,$1l3,$21‘4)HQ 54(‘%% 2,$1$3,$2$4)H2
Sy (22, 23, mox3, w1woxy) Hy | So(a?, 22, xoxs, v1w0ws) Hs | S3(22, 23, xows, m120w4) Hs | Sy(2?, 23, wows, x12024) H3
Sl(l’%, 2,$1$2$3,1’11’4)H4 SQ([E%, %,$1I2$37$11’4)H4 S‘g(l‘% 2,w1x2x37x1a:4)H4 54(1‘% 2,x1x2z3,x1x4)H4

Now regard each entry of the above table as a 12-subset of G, by interpreting H; as the sum
of four elements in G. By Theorem 4.6, summing the entries in each column of the table then
gives a (4, 4) LP-partition { Ry, Ro, R3, R4} in G — V; relative to H,.

We next use Theorem 4.4 to construct a (4,4) LP-packing in G = Zj relative to U =
(w1, 22, 23) = 7y X (274)*. We have Vy/Hy = (w1 Hy, xoHy, 22 Hy, v2Hy) = 74 and U/Hy =
(z1Hy, 23Hy) = 73. Since (4.4)is a (1,4) LP-packing in (y1, y2, y3, y4) = Zj relative to (y1, ya),
it follows that

{Sl($17$§ax27$i)H07 SQ(x17$§7$27x421)H07 53(1'1,1'3,1'2,27421)}[0, S4(ZL'1,$§,[L'Q,ZL‘Z)HQ}

20
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is a (1,4) LP-packing in V;/ H, relative to U/ H,. Regard each of these subsets as a 12-subset
of GG, by interpreting H, as the sum of four elements in G. Then by Theorem 4.4,
{Rl + 81(3317 $§a X2, .ZUZ)H07 RQ + SQ(xlu ZL‘%, T, $421)H07
Ry + Ss(x1, 23, 22, 23)Ho, Ry + Sa(x1, 25, x2,23)Ho }
is a (4,4) LP-packing in G relative to U.

Using the same (4, 4) LP-partition { Ry, Ro, R3, R4}, we can similarly use Theorem 4.4 to
construct a (4,4) LP-packing in G relative to the subgroup U’ = (xy,x,) = Z3 and to U”
(22 22 22, 2%) = (2Z4)?. Following the above procedure, and using U’/ Hy = (x1 Hy, o Hy)
73 and U" /| Hy = (22Hy, 12 Hy) = 73, shows that

{Rl + Sy (21, w9, 25, 23) Ho, Ry + So(x1, 72,73, 27) Hy,
Ry + S3(x1, 22,23, 23)Ho, R4+ Sa(z1, 29,3, Ii)Ho}
is a (4,4) LP-packing in G relative to U’, and that
{Ri + Si(23, 23, w1, 22) Ho, Ro+ So(x3, 23, 21, 22) Ho,
Rs + 53($§a %21, x1,%9)Hy, Ry+ 54(1737 1‘4217 1, 1’2)H0}

is a (4,4) LP-packing in G relative to U".

raml

5. Recursive Construction of LP-partitions and LP-packings

In this section, we recursively construct infinite families of LP-partitions and LP-packings, as
shown schematically in Figure 5.1. On the right side of the figure, we iteratively use Theorem 4.6
to produce an LP-partition in the group Ziﬁ — Ziya X (pZypa)® relative to Hy = Z; by lifting with
respect to H; = Z, an LP-partition in a factor group, for each i = 1,...,p* (see Theorem 5.2).
On the left side of the figure, we iteratively use Theorem 4.4 to produce an LP-packing in Zf,i
relative to an order p®® subgroup, by lifting with respect to H, an LP-packing in a factor group
and taking the union of the resulting subsets with the subsets of the LP-partition at the same
height (see Theorem 5.3).
We begin with a technical lemma.

Lemma 5.1. Let p be prime, and let s and a1, . . . , ass be positive integers. Let G = H?il Loy,
and let () be the unique subgroup of G isomorphic to ZIQ,S. Let Hy, ..., Hys be a spread of (),
where (without loss of generality) Hy is contained in the first s direct factors of G. Then for each
i=1,...,p° we have G/H; = szl Zyrs X H?isﬂ Za;-1, and the quotient group Q/H; is
contained in the first s direct factors of G | H;.

Proof. Fix i € {1,...,p°}. Since Q = HyH;, we can choose a set of generators for () (de-
pending on 7) so that H; is contained in the last s direct factors of (). Therefore G/H; =

[[=) Zpw X H?isﬂ Za;-1. Let the first s direct factors of G be (71, ..., ), so that the
a)—1

first s direct factors of G/H; are (z1H;, ...,z H;). Since Hy = («F"" ..., 2?™ "), we have
Q/H; = (x’l’aﬁlHi ..., 2" " H;). Therefore Q/H; is contained in the first s direct factors

S

of G/H,. 0
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. . Lift using
Lift using H H,... H,
(p**, p*) LP-packing in Zf,g (p*, p*) LP-partition in

relative to order p** subgroup 123 — Ty % (pZys)° relative to Hy = Z;
. . Lift using
Lift using H, H,... H,
(p*, p*) LP-packing in Zﬁﬁ ~ (p*, p*) LP-partition in
relative to order p** subgroup Z;S — L, % (pLy2)" relative to Hy = Z,
. . Lift using
Lift using H, H,... H,
(1,p*) LP-packing in Z° (1, p*) LP-partition in
relative to order p* subgroup fo — Z;, relative to Hy = Z,,

Figure 5.1: Recursive construction of LP-packings and LP-partitions according to Theorems 5.2
and 5.3

We now apply Theorem 4.6 iteratively to produce an infinite family of LP-partitions.

Theorem 5.2. Let p be prime, let a, s be positive integers, and let G = Zgi. Let Hy and V be
the unique subgroups of G for which Hy = Z; is contained in the first s direct factors of G and
Vo = Zpa x L.y satisfies Vo/Ho = 72 .. Then there exists a (p'*=Ds p*) LP-partition in
G — Vj relative to H,.

Proof. The proof is by induction on @ > 1. The case a = 1 is given by Example 4.3. Suppose
that all cases up to a — 1 > 1 are true. Let () and G’ be the unique subgroups of G for which
Q=7 and G' = 72 _,. Since G/G' = Z:°, by Example 3.7 there exists a spread in G/G’
one of whose elements we may take to be V,/G’. Let the remaining elements of this spread
be V1/G', ..., V,:/G', where Vi, ..., Vs are subgroups of G containing G’. Let ¢ be a group
isomorphism from G/G’ to @ for which ¢(Vy/G’) = Hy, and let H;, = ¢(V;/G’) for i =

22
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1,...,p% Since {V,/G',...,V,:/G'} is a spread of G/, it follows that {Hy,..., Hy} is a
spread of (). Furthermore, for each i we have H; < QQ < G’ < V; and therefore H; is a subgroup
of V;,and V;/H; = G.

Let: € {1,...,p°}. By construction, we have H; < V; and V;/H; = G’ = Ziﬁ_l. By
Lemma 5.1, we have G’/ H; = Zza,l X Zza,g and Q/H; = Z3, and ()/H; is contained in the
first s direct factors of V;/H;. We also have (G'/H;)/(Q/H;) = G'/Q = Z2:_,. Therefore by
the inductive hypothesis there exists a (p{®~2)%, p*) LP-partition in V;/H; — G’/ H; relative to
@/ H;. Then by Theorem 4.6 there exists a (p* - p(¢=2)%, p*) LP-partition in G — V}, relative to Hy,
so the case a is true. [

We now apply Theorem 4.4 iteratively, making use of the LP-partitions constructed in Theo-
rem 5.2, to produce an infinite family of LP-packings in groups of increasing exponent relative to
an arbitrary subgroup of the appropriate order. The initial LP-packing in an elementary abelian
group is obtained from a spread.

Theorem 5.3. Let p be prime, and let a, s be positive integers. Let G = Zii and let U be a
subgroup of G of order p®®. Then there exists a (p(“_l)s, p°) LP-packing in G relative to U.

Proof. The proof is by induction on @ > 1. The case a = 1 follows from the construction of a
spread in Example 3.7, because by a suitable choice of generators of G = fo we may assume
that the element H,, of the spread is U.

Suppose that all cases up to a — 1 > 1 are true. Since U is a subgroup of G of order p®*, it
has at most s direct factors isomorphic to Z,. and has rank at least s. We may therefore choose
Vo = Zpa X L forwhich U < Vo < (3, and also assume that the subgroup of 1}, isomorphic to
Za is contained in the first s direct factors of G and has intersection of rank s with U. Therefore
U contains a subgroup Hy = Z; for which Hy is contained in the first s direct factors of G. We
then have Vo/Ho = 72, and |U/Ho| = pt*~".
Then by Theorem 5.2, there exists a (p®~V*, p*) LP-partition in G' — V} relative to H,.
By the inductive hypothesis, there exists a (p(®~2*, p*) LP-packing in V; / H, relative to U/ Hj.
Therefore by Theorem 4.4, there exists a (p{@~1*, p*) LP-packing in G relative to U, so the case
a is true. 0

The construction process illustrated in Figure 5.1 shares many features with the recursive
construction of difference sets from relative difference sets introduced in [33], which is illus-
trated in [34] using an analogous representation to Figure 5.1. In both settings, an ingredient
on the left side is lifted from a factor group and combined with an ingredient on the right side
to form a larger example on the left side; and multiple instances of an ingredient on the right
side are lifted from factor groups and combined to form a larger example on the right side. The
ingredients in [33] corresponding to an LP-packing and an LP-partition are, respectively, a cov-
ering extended building set for constructing a difference set, and a building set for constructing
a relative difference set. However, in [33] the ingredients are placed into distinct cosets of a sub-
group and so can be combined without regard to their intersections as subsets of the subgroup.
In contrast, in the construction of Theorem 4.4, the lifted subset PJ’ of an LP-packing is com-
bined with the subset Z; of an LP-partition by taking their union. Likewise, in the construction



Jonathan Jedwab, Shuxing Li

of Theorem 4.6, the subsets of the i*" LP-partition are lifted to S, ..., S/, and then subset R;
of the new LP-partition is formed as the union of Sj;, ..., S;; (with one lifted subset derived
from each of the ¢ LP-partitions). This leads to an additional constraint, that the subsets P]f and
81, - -, Si; must be disjoint for each j.

We now extend Theorem 5.3 using constructions from Section 3 in order to obtain the result
stated in Theorem 1.1.

Corollary 5.4. Let p be prime, let sy,...,s, be nonnegative integers (not all zero), and let
m = min{s; | s; > 0}. Foreachi = 1,... v, let G; = ZZ;” and let U; be a subgroup
of G; of order p*i. Let G = [[;_,G;, let U = [[;_, U;, and let n = \/|G|. Then for each
J=0,...,m — 1, there exists an ( L pm*j) LP-packing in G relative to U.

pmfj 9

Proof. For each i = 1,...,v for which s; > 0, by Theorem 5.3 there exists a (p{=1% p%)
LP-packing in G relative to U;. By a straightforward induction, Corollary 3.17 then gives an
(plm,pm) LP-packing in G relative to U. For j € {0,...,m—1}, apply Lemma 3.11 with s = p’
to give an ( n_ pm ) LP-packing in G relative to U. ]

pm—j7

Remark 5.5. By Definition 3.1, the constructed LP-packing in Corollary 5.4 is a collection of
p™~7 disjoint regular (n, #) Latin square type PDSs in G avoiding U. By Lemma 3.9, we
also obtain a regular Latin square type PDS in G with parameters (n,r) and (n,r + 1), for each
positive integer multiple r of # satisfying r < n.

This improves on numerous previous constructions of PDSs in three respects: by construct-
ing a collection of disjoint PDSs in G where previously only a single PDS was constructed; by
identifying the order n subgroup U and showing it can be chosen arbitrarily; and by produc-
ing Latin square type PDSs with new parameters (n,r). We give an illustrative selection of

examples.

(7) Result 2.7 constructs a single regular (n, r) Latin square type PDS in G for each positive
integer r < p™ + 1, whereas the case 7 = 0 of Corollary 5.4 gives a disjoint collection of
p™ such PDSs with r = pim.

(77) Result 2.8 (iii) constructs a regular (n,r) Latin square type PDS in G for each positive
integer multiple r of zﬁ satisfying < n, whereas the case 7 = 0 of Corollary 5.4
gives such a PDS for each positive integer multiple r of pim satisfying » < n and whose

parameters therefore differ when m > ged(sy, ..., S,).

(#4i) The LP-packing of [82, Cor. 6.2] described in Table 1.1 is a disjoint collection of p regular
(n, %) PDSs in certain groups (G constrained to have at most one direct factor with an
exponent that is an odd power of p, whereas the case 7 = m — 1 of Corollary 5.4 gives
such disjoint collections of PDSs without this constraint.

(7v) Ineach group for which the lifting approach in [48], [50, Sects. 4, 5], [52] constructs a sin-
gle PDS, Corollary 5.4 provides a collection of disjoint PDSs having the same parameters
and avoiding an arbitrary order n subgroup U of G.

24
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(v) Result 2.9 constructs a partition of G — 14 into p regular PDSs in G, of which p — 1 are of
(n E) Latin square type and one is of (n 2+ 1) Latin square type, where G is constrained
to have s9;41 = 0 foreach ¢ > 0. In contrast by applying Remark 3.10 () to the case
j = 0 of Corollary 5.4 we obtain a partition of G — 1 into p™ regular PDSs in G, of
which p™ — 1 are of (n, T») Latin square type and one is of (n, -+ 1) Latin square type,
without constraining G.

The LP-packings in Corollary 5.4 are all contained in p-groups of the form H x H, having
even rank. We now extend this result to p-groups of odd rank, starting from the following infinite
family of odd rank examples that was obtained from an elegant construction using Galois rings.
(We could likewise make use of the further odd rank example of Example 3.14 (7), relative to
a nonelementary abelian group.)

Result 5.6 ([51, Lem. 3.1]). Let p be prime and let w > 1 be an odd integer. Then there exists a
(pr=ow) pow)) LP-packing in Ly, relative to (pZy2)", where the function o (p, w) is defined
in (2.2).

Corollary 5.7. Let p be prime, let w > 1 be an odd integer, and let s1, ..., s, be nonnegative
integers (possibly all zero). Let m = min ({o(p,w)} U {s; | s; > 0}). Foreachi=1,...,v,
let G; = Zifi and let U; be a subgroup of G; of order p**i. Let G = 2 X I, Gi, let
U= (pZ )“J X [[;_, Ui, and let n = \/|G|. Then for each j = 0,...,m — 1, there exists
an ( =, p™ ) LP-packing in G relative to U.

Proof. Inthe case that the s; are all zero, we have m = o(p, w) and the result follows by applying
Lemma 3.11 with s = p/ to Result 5.6. Otherwise, at least one of the s; is positive and we
may define m’ = min{s; | s; > 0}. The case j = 0 of Corollary 5.4 then gives an ( /et pm )
LP-packing in [];_, G; relative to [[;_, U;. Combine with the LP-packing of Result 5 6 using
Corollary 3.17 to give an ( D ) LP-packing in G relative to U. Then for j € {0,...,m—1},

apply Lemma 3.11 with s = p/ to give an (7, p™ /) LP-packing in G relative to U. O

Remark 5.8. By Definition 3.1, the constructed LP-packing in Corollary 5.7 is a collection of
p™ = disjoint regular ( My S J) Latin square type PDSs in G avoiding U. By Lemma 3.9, we

also obtain a regular Latln square type PDS in G with parameters (n r) and with parameters
(n, r + 1), for each positive integer multiple r of p,,’f_j satisfying r < n.

We can show that this improves on previous constructions along similar lines to Remark 5.5.
For example, Result 2.8 (ii) constructs a single regular (n, r) Latin square type PDS in G for
v =1and? = 1 and s; a positive integer multiple of w, for each positive integer multiple r of
W satisfying » < n. In contrast, the case j = 0 of Corollary 5.7 gives a disjoint collection
of p™ such PDSs in much more general groups G (having arbitrary v and s;).

6. NLP-packings

In this section, we introduce a (¢, ¢ — 1) NLP-packing as a collection of ¢ — 1 disjoint regular
(tc, c) negative Latin square type PDSs, in an abelian group of order tc?, whose union satisfies
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an additional property. This structure forms a counterpart to a (¢, t) LP-packing. We provide
examples of NLP-packings, and show how to combine them with LP-packings via a product
construction to form NLP-packings in the direct product of the starting groups. In conjunction
with the LP-packings of Corollaries 5.4 and 5.7, this produces infinite families of NLP-packings.
However, we do not have a lifting result for NLP-packings similar to Theorem 4.4.

Definition 6.1 (NLP-packing). Let ¢t > 1 and ¢ > 0 be integers, and let G be an abelian group
of order t>c>. A (c,t — 1) NLP-packing in G is a collection {Py,..., P, 1} of ¢t — 1 regular
(tc, ) negative Latin square type PDSs in G for which G — 1 — Y'_| P, is aregular (tc,c — 1)
negative Latin square type PDS in G.

Remark 6.2.

(1) We can rephrase Definition 6.1 to say that a (¢,t — 1) NLP-packing in G is a partition
of G — 14 into t regular partial difference sets, of which ¢ — 1 are of (tc, ¢) negative
Latin square type and one is of (tc, ¢ — 1) negative Latin square type. Previous results on
NLP-packings use this phrasing.

(#7) InDefinition 6.1, each P, isa c(tc+1)-subsetof G, and G—1g—3"'_| Pisa (c—1)(tc+1)-
subset of (5, so the subsets P; of a (¢,t — 1) NLP-packing are necessarily disjoint. For
all c > 1, if a (¢,t — 1) NLP-packing exists in (G, then it contains the maximum possible
number of disjoint regular (tc, c) negative Latin square type PDSs.

(¢4i) The case r = 0 was allowed in Definition 2.4 so that the definition of a (¢, — 1) NLP-
packing applies when ¢ = 1.

NLP-packings have been studied in a series of previous papers, as summarized in Table 1.2.
We now characterize a (c,t — 1) NLP-packing using character sums.

Lemma 6.3. Let Py, ..., P, be disjoint c(tc + 1)-subsets of an abelian group G of order t*c>.
Then {Py,...,P,_1}isa (c,t — 1) NLP-packing in G if and only if the multiset equality

xX(P1),....,x(P—1)} ={e,...,c}or {—(t = De,c,...,c}

holds for all nonprincipal characters x of G.
Proof. Each P, is a c(tc + 1)-subset of G, and the P; are disjoint, so G — 1g — S.\_} P is a

1=

(¢—1)(tc+1)-subset of G. Lemma 2.5 then shows that { P, ..., P,_; } isa (¢, t—1) NLP-packing
in GG if and only if

t—1

X(P) € {c,—(t—1)c} and X(G g - ZH) clc—1,—(tc—ct 1)} (6.1

for all nonprincipal characters y of G. For each nonprincipal character y of Gz, condition (6.1)
is equivalent to

t—1

X(P) € {e,=(t=1)c} and Y X(P) € {—¢ (t = 1))},

i=1
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which in turn is equivalent to

{X(P),....,x(P—1)} ={e,...,c}or {—(t — 1)c,c,...,c},

as required. 0

Lemmas 2.5 and 6.3 allow us to combine subsets from an NLP-packing to obtain negative
Latin square type PDSs with various parameters.

Lemma 6.4. Suppose that {P,, ..., P,_1} isa (c,t — 1) NLP-packing in an abelian group G of
order t*c?, and let I be a b-subset of {1,...,t —1}. Then y_,_; P; is a regular (tc, bc) negative
Latin square type PDS in G.

Remark 6.5. Suppose that {P;,..., P,_1}isa (¢,t — 1) NLP-packing in an abelian group G of
order t2c?.

(1) Let I be ab-subsetof {1,...,¢— 1}. By Lemma 2.5, an r(n + 1)-subset D of an abelian
group G of order n? is a regular (n, r) negative Latin square type PDS in G if and only if
G — 1¢ — D is aregular (n,n — r — 1) negative Latin square type PDS in G. Lemma 6.4
then shows that G — 15— ., P is aregular (tc, (t — b)c — 1) negative Latin square type
PDS in G.

(ii) Foreachi,let P; = {y € G | x(P,) = —(t — 1)c}. Let P = G — 1 — 3.'_1 P, and
let P ={y € G| x(P) = —(tc — ¢+ 1)}. By Lemma 2.5 and Definition 6.1, each
P;isa regular (tc, c¢) negative Latin n square type PDS in G, and P is a regular (te,c—1)
negative Latin square type PDS in G By Lemma 6.3, each nonprincipal character x of G

belongs to exactly one of P, .. Pt 1, P. By Definition 6.1, the collection { Pl, P 1}
is therefore a (¢, t — 1) NLP—packmg in G.

We give some small examples of NLP-packings.
Example 6.6.
() [82,p.373]). A (1,3) NLP-packing { P, P, P3} in Z3 = (z,y, z,w) is given by

P=x4z+yw+rxw+yz,
Py =y +w+ xyzw + yzw + zyw,
Py =2y + 2w+ 22 + 2yz + x2w.

(i1) [82, p.373]. A (1,3) NLP-packing { P, P», P3} in Z2 = (x,y) is given by

P =2 +y+y’ +ay+ 27y,
Py =z + 2% +y* + ay® + 2%y,
PS — .73y2 +x5y2 _|_$2y +$2y3 +l'2y2.
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(ii7) [82, Ex. 1]. A (1,2) NLP-packing { P, P,} in Z3 = (z,y) is given by

P=z+2"+y+y’
Py = 2y + 2%y + 2y + 2%y,

We next show that combining the subsets of an NLP-packing into equally-sized collections
gives an NLP-packing with fewer subsets.

Lemma 6.7. Suppose there exists a (c,t — 1) NLP-packing in an abelian group G of order t*c?,
and suppose s divides t. Then there exists an (sc, % — 1) NLP-packing in G.

Proof. Let{P,...,P,_1}bea (c,t — 1) NLP-packing in GG, and let

P(:P7;5+1+P7;5+2—|—"'+Pis+5 fOI'Z.:O,l,...,E—Q.

1 s

Then Lemma 6.3 shows that {7, . . . ,Péiz} is an (sc, £ — 1) NLP-packing in G. O

The following product construction combines an NLP-packing with an LP-packing to form
an NLP-packing in a larger group.

Theorem 6.8 ([82, Thm. 2.1]). Suppose there exists a (c1,t — 1) NLP-packing in an abelian
group G of order t*c2, and a (cy,t) LP-packing in an abelian group G of order t*c3 relative to
a subgroup Us of order tcy. Then there exists a (tcica,t — 1) NLP-packing in G x Gb.

Proof. Let {P1y,..., P12} bea (ci,t — 1) NLP-packing in Gy, and let { P2, ..., Py:—1} be
a (cq2,t) LP-packing in G5 relative to Us. Define P, ;1 = G| — Zz;g P, ; and

t—1
KZ:PI,ZU2+ZPl,iP2,i+Z fOI'EZO,...,t—2,
=0

where the subscript i+/ is reduced modulo ¢. We shall use Lemma 6.3 to show that { Ky, K7, . . .,
K; o} isa(tejey, t — 1) NLP-packing in G X Gb.

The P, ; are disjoint ¢ (tc; + 1)-subsets of G fori = 0,...,¢ — 2, and by definition P ;
isacy(tc; —t + 1)-subset of G disjoint from the other P, ;. The P, ; are co(tcy — 1)-subsets of
G — Us. Therefore the K are disjoint subsets of G; x G, each of size ¢y (tc; + 1)tco 4 ¢1(te; —
t+ 1)eg(teg — 1) + (t — 1)ei(teg + 1)ea(tes — 1) = tegea(t?cice + 1). Let x be a nonprincipal
character of G; x G5, and let x; = x|g, for j = 1,2. Then

t—1

X(Kg) = Xl(Pl,f)X2<U2> + Z Xl(Pl,i)XZ(PZ,iJr@) fOf g = 0, P ,t — 2.

=0

By Lemma 6.3, it remains to prove that

{X(Ko), . ,X(thg)} = {tClcg, . ,t0102} or {—t(t — 1)C1€2, tClcg, . 7t0102}. (62)
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We are given that

{Cl(tcl+1),...,Cl(t01+1)} ile EG%,

. (6.3)
{er,...,ciyor {—(t — Dey,en,...,e1} ifxa € GE

{x1(Pro)s- -y x1(Pii2)} = {

by Lemma 6.3, and that

{CQ(tCQ — ].), .. ,CQ(tCQ - 1)} le2 S GJ',
{X2(Pa), - xe(Poe-1)} = § {—c2, ..., —c2} if xo € Us \ Gy,
{(t— 1)02,—C2,...,—02} le2 ¢ UQL

by Lemma 3.3. The following two cases together establish (6.2).

Case 1: - is principal on Us.
Then xo(F»,;) is constant over ¢ (regardless of whether 5 is principal or nonprincipal on
Go), 50 X(Ke) = X1(P1,£)t02 + xl(Zf;é Pl,i)XQ(PQ,l) = Xl(Pl,Z)tCQ + Xl(Gl)XQ(P2,1)-
In the case that y; is principal on GG, and therefore - is nonprincipal on (G5, we obtain
X(K¢) = ci(tey + 1)tey + t2c2(—cy) = tcycy for each £. Otherwise x; is nonprinci-
pal on (G4, and then we obtain x(K;) = x1(Pie)tcs so that {x(Ky), ..., x(Ki—2)} =
{tClCQ, Ce ,tClCQ} or {-(t — 1)tC1C2, tClCQ, Ce ,tClCQ}.

Case 2: - is nonprincipal on Us.
Then x(K;) = Zz;é X1(P1i)x2(Paite). By definition of P4, we can extend (6.3) to
obtain

{a(Pro)s - xa(Prg-1)}
- MHaltea —t+1),e1(ter + 1), ..., eatey + 1)} if xq € GY,
{=({t—1Dey,e1,...,0} if 1 ¢ G,

which can be written as

{XI(P1,0)7 Ce 7X1(P1,t—1)} = {d — tChd, ceey d} for all X1

(where the integer d equals ¢, (tc; + 1) if x; is principal on G, and equals ¢; otherwise).
Therefore the multiset {x(Ky), ..., x(K;_2)} contains either one or zero occurrences of
the value (d —tcy)(t — 1)ea + (t — 1)d(—c2) = —t(t — 1)cy¢o, and (respectively) ¢ — 2 or
t — 1 occurrences of the value (d — tcy)(—c2) + d(t — 1)ca + (t — 2)d(—c2) = teico.

]

Remark 6.9. The construction of Theorem 6.8 is a restatement (without restricting ¢ to be a prime
power) of the product construction for collections of negative Latin square type PDSs and Latin
square type PDSs given in [82, Thm. 2.1]. Indeed, the configuration described in [82, Lemma
2.1]fore = —1 can be represented as { P, ..., P,_1,G— 15— Zf: P}, where {Py,...,P,_1}
isa (c¢,t — 1) NLP-packing in GG. Although our formulation explicitly identifies the subgroup
U, of the starting LP-packing, this does not seem to confer an advantage because the subgroup
does not appear in the conclusion of the theorem.
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We now extend the construction of Theorem 6.8 using Lemmas 3.11 and 6.7.

Corollary 6.10. Suppose there exists a (c1,t; — 1) NLP-packing in an abelian group G of
order t3c3, and there exists a (¢, ty) LP-packing in an abelian group G4 of order t3c3 relative
to a subgroup U, of order tycs.

(1) Suppose that t divides to. Then there exists a (tycico,t; — 1) NLP-packing in Gy x Ga.
(7i) Suppose that to divides t,. Then there exists a (tycico,to — 1) NLP-packing in G X G».
Proof.

(i) By Lemma 3.11 with s = %, there exists a ({*cy,t1) LP-packing in Gy relative to U.
Then by Theorem 6.8, there exists a (toc1¢o,t; — 1) NLP-packing in G; X Gbs.

(i1) By Lemma 6.7 with s = i, there exists a (jtc1,t5 — 1) NLP-packing in G;. Then by
Theorem 6.8, there exists a (tyc1¢o, to — 1) NLP-packing in G; X Gb.

O

The product constructions of Theorems 3.15 and 6.8 both combine two packings to form a
packing in the direct product of the starting groups. Theorem 3.15 combines two LP-packings
to form an LP-packing, whereas Theorem 6.8 combines an NLP-packing and an LP-packing to
form an NLP-packing. We note in passing that we can likewise combine two NLP-packings to
form a collection of regular Latin square type PDSs that partitions the nonidentity elements of
the product group.

Proposition 6.11 ([82, Thm. 2.3]). For j = 1, 2, suppose there exists a (cj, t—1) NLP-packing in
an abelian group G of order tQC?. Then there exists a collection { K1, ..., K;_1} of t—1 disjoint
regular (t*cicy, tcyco) Latin square type PDSs in Gy X Gy for which Gy X Ga— 16, x G, — Z;i K,
is a regular (t*>cicy, tcico + 1) Latin square type PDS in G x Gb.

Proof (Outline). For j = 1,2, let {P;y,...,Pj;_2} be a (¢j,t — 1) NLP-packing in G; and
define Pj; 1 = G; — ZZ(Q) P; ;. Define

t—1
Kg = ZPLiPQﬂ;_‘_e for ¢ = 1, R ,t — 1,

=0

where the subscript 4/ is reduced modulo ¢. Model the rest of the proof on that of Theorem 6.8,
distinguishing the case that x|, is principal on GG; from the case that x|, is nonprincipal on G4,
and applying Lemma 2.5. ]

Remark 6.12. In the construction of Proposition 6.11, if we could identify an order #2c;c, sub-
group U of G; x G5 contained in G; x Gy — Zz;i K, for which G| x Gy — U — Ez;i K,
is a regular (tQCICQ, tcicy) Latin square type PDS in Gy X G, then we could conclude that
{Kiy,....,K; 1,G1 x Gy — U — Zz; Ky} is a (teyeo, t) LP-packing in G; x G relative to U.
However, we do not know how to identify such a subgroup U (see also Remark 7.3).
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We now apply Theorem 6.8 to the small NLP-packings of Example 6.6 and LP-packings
from Corollaries 5.4 and 5.7 to produce two infinite families of NLP-packings.

Corollary 6.13. Let u, w be nonegative integers. Let ss3, . . ., s, be nonnegative integers (possibly
all zero).
(i) Letu # 1, letw & {1,2,3} and let each s; # 1. Let G be either 73" x 7 x [[}_, 227
or Z3" x Z{? x [[;_3 Z5', and let n = \/|G|. Then there exists an (2, 3) NLP-packing
in G.

(i1) Letw # 0 and letw # 1. Let G = Z3" x ZY x [[,_, Z2 and let n = \/|G|. Then there
exists an (g, 2) NLP-packing in G.

Proof.

(7) In the case that u,w, and each s; is zero, the result is given by Example 6.6 (i), (ii).
Otherwise, let G' = Z3* x ZY x []i_, ngi and construct an (7‘7/4,4) LP-packing in G’
relative to a subgroup of order n/4. To do so when w is even, take p = 2 and (s1, $2) =
(u, %) and j = m — 2 > 0 in Corollary 5.4. To do so when w is odd, note that o(2, w) =

v-1> 2and take p = 2 and (sy, s2) = (u,0) and j = m — 2 > 0 in Corollary 5.7.

Now let H be either Z3 or Z3. Use Theorem 6.8 to combine the (1, 3) NLP-packing in H
given by Example 6.6 (i), (i7) with the constructed (“£*,4) LP-packing in G' to produce
the required (%, 3) NLP-packing in H x G’.

(77) In the case that u = 1, and w and each of the s; is zero, the result is given by Exam-
ple 6.6 (iii). Otherwise, let G' = Z3*? x Z¥ x [[\_,Z3' and construct an ("T/?’,S)
LP-packing in G’ relative to a subgroup of order n/3. To do so when w is even, take p = 3
and (s1,53) = (u—1,%) and j = m — 1 > 0 in Corollary 5.4. To do so when w is odd,
note that o(3,w) > 1 and take p = 3 and (s1,52) = (u—1,0)and j = m —1 > 0 in
Corollary 5.7.

Now use Theorem 6.8 to combine the (1,2) NLP-packing in Z3 given by Example 6.6 (717)
with the constructed (“£2, 3) LP-packing in G’ to produce the required (2, 2) NLP-packing
in G.

]

Remark 6.14. Using Remark 6.2 (i), we can rephrase Result 2.10 in terms of (%,¢ — 1) NLP-
packings in groups of order n?. As we now describe, we then see that Corollary 6.13 is signifi-
cantly more general than Result 2.10.

Result 2.10 (i) and Corollary 6.13 (i) each construct NLP-packings with parameters (%, 3).

The former result is restricted to groups of the form Z3* x Z3“ x [];_, Z;“Sfi foru+w > 1,
whereas the latter result applies to the forms Z3“ ™ x Z¥ x [[7_, Z2 and Z3* x Z{ 7 x [[}_, Z37'
foru # 1and w & {1,2,3} and each s; # 1.

Similarly, Result 2.10 (7i) and Corollary 6.13 (iz) each construct NLP-packings with param-

eters (g, 2). The former result is restricted to groups of the form Zg““ X H;;l Zgﬁf”‘, whereas

the latter result applies to the form Z3* x Z§ x [[;_, ngi foru # 0 and w # 1.
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7. Relationship with Strongly Regular Bent Functions

In this section, we examine how LP-packings and NLP-packings are related to the hyperbolic
and elliptic strongly regular bent functions introduced by Chen and Polhill in [20].

Definition 7.1 ([20, Thm. 3.7]). Let G and H be abelian groups. Let f be a surjective function
from G to H satisfying f(1¢) = 1g, and let f~! be the pre-image of f.

(i) f is a hyperbolic strongly regular bent function if f~'(h) is a regular (\/ |G| \/_) Latin

* ]

square type PDS for each h # 1y, and f~*(1y) — 1¢ is aregular (1/|G/, \I/IE +1) Latin
square type PDS.

(i1) f isan elliptic strongly regular bent function if f~*(h) is aregular (/|G/, T H| ) negative

Latin square type PDS for each h # 1y, and f~' (1) — 1¢ is a regular (1/|G/, —“’Hf —1)
negative Latin square type PDS.

We can relate hyperbolic strongly regular bent functions to LP-packings, and elliptic strongly
regular bent functions to NLP-packings.

Proposition 7.2. Let G be an abelian group of order t*c?, let U be a subgroup of G of order tc,
and let H be an abelian group of order t.

(1) Ifthere exists a (c,t) LP-packing in G relative to U, then there exists a hyperbolic strongly
regular bent function from G to H.

(17) The existence of a (¢,t — 1) NLP-packing in G is equivalent to the existence of an elliptic
strongly regular bent function from G to H.

PI’OOf: Write H = {1H7 hl, hg, cey ht—l}-

(i) Let{Py,..., P} bea(c,t) LP-packing in G relative to U, and define the surjective func-
tion f : G — H by

h;, ifge P;forie{l,...,t—1},
flgp =M t )
1H 1fg€Pt+U.

Then by Remark 3.10 (i), f is a hyperbolic strongly regular bent function.

(77) Suppose firstly that { Py, ..., P,_;} is a (¢,t — 1) NLP-packing in GG, and define the sur-
jective function f : G — H by

flg) = {’“‘ g e b

1y otherwise.

Then by Definition 6.1, f is an elliptic strongly regular bent function from G to H.
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Conversely, suppose that f : G — H is an elliptic strongly regular bent function, and
define subsets Py, ..., P,_; of G by

P, = f*hy) fori=1,...,t—1.
Then by Definition 6.1, { Py, ..., P._;} is a (¢,t — 1) NLP-packing in G from G to H.
L]

Remark 7.3. Proposition 7.2 shows the equivalence of an NLP-packing and an elliptic strongly
regular bent function, but not the equivalence of an LP-packing and a hyperbolic strongly regular
bent function f. In order to establish the converse to Proposition 7.2 (i), we would need to
identify an order /|G| subgroup U of G contained in f ! (1) for which f~*(1)—U is aregular

(\/ G|, —V|}|IC‘;|) Latin square type PDS in GG. The additional conditions on f required to guarantee
the existence of such a subgroup U could be substantial, as we discuss in Example 7.4 (i) below.

The following example uses strongly regular bent functions to construct collections of PDSs,
and provides an alternative derivation of a special case of Corollary 6.13 (7).

Example 7.4 ([86, Thm. 1, Cor. 3]). Let p be a prime, and let (, be a primitive p'" root of unity.
Let g be a function from [ to IF,,, and let Tr be the trace function from [F,» to IF,. The Walsh
transform Wy : F,n — C of g is given by

Wg(b) _ Z Cg(m)—&-Tr(ba:)‘

QZE]Fpn

The function g is bent if [W,(b)| = p? for all b € F,.. A bent function g is weakly regular if
there exists a function ¢g* : F,» — [, satisfying

W, (b) = ,up%Cg*(b) for some p € C with || = 1 and forall b € Fn,

and is regular (a much stronger condition) if there exists a function ¢* : F,» — [, such that
W, (0) = p5¢ ® forall b € F .

Suppose f : Fz2s — Fj3 is a weakly regular bent function satisfying f(—z) = f(z) and
f(0) = 0. Then exactly one of the following holds:

() |f71(0)] = 3**~1+2-3°"1, and f is a hyperbolic strongly regular bent function from Fsz,
to F3: each of f~!(1) and f~1(2) is a regular (3°,3°"!) Latin square type PDS in Fss.,
and f71(0) \ {0} is a regular (3%, 3°~! + 1) Latin square type PDS in Fse..

(i1) |f7H0)| = 3271 —2-3°71 and f is an elliptic strongly regular bent function from Fzs
to F5: each of f~1(1) and f~!(2) is a regular (3°, 3°~1) negative Latin square type PDS in
Fy2s, and f71(0) \ {0} is a regular (3°,3°~! — 1) negative Latin square type PDS in Fes;
equivalently, { f~'(1), f~(2)} is a (3°7*,2) NLP-packing in (F2:, +) = Z3°.
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Following Remark 7.3, we mention that in order to obtain a (3°~!, 3) LP-packing in the group
(F25, +) = Z2° relative to Z; from the hyperbolic strongly regular bent function f of (i), we
would firstly need to identify an order 3° subgroup U of Z2* contained in f~'(0), and secondly
require f~1(0) — U to be a regular (3%, 3°"!) Latin square type PDS in Z2°. The first condition
alone requires f to be normal [16, p. 106], which in combination with the property that f is
weakly regular requires in turn that f should be regular [16, Thm. 6]. This demonstrates that, in
general, an LP-packing is a significantly more constrained structure than a hyperbolic strongly
regular bent function.

Remark 7.5.

(7) In[20, Lemma 3.15], an incomplete attempt was made to lift a hyperbolic strongly regular
bent function on Zf,a to a hyperbolic strongly regular bent function on ZZ%. We were able
to accomplish this lifting in Theorem 5.3, using the more constrained structure of an LP-
packing. This underscores the importance of identifying the role of the subgroup U in the
definition of an LP-packing.

(74) Corollaries 5.4, 5.7 and 6.13 recover the hyperbolic and elliptic strongly regular bent
functions of [20, Prop. 3.13] and strengthen those of [20, Prop. 3.14]. The hyperbolic
and elliptic strongly regular bent functions constructed in [20, Prop. 3.12] have codomain
of size 2, and are equivalent to reversible Hadamard difference sets. We examine this
connection in more detail in Section 8 below.

8. Relationship with reversible Hadamard difference sets

In this section, we examine how LP-packings and NLP-packings are closely related to reversible
Hadamard difference sets.

Definition 8.1. Let G be a group G of order v. A (v, k, \)-difference set in G is a (v, k, A\, \)
partial difference set in G. A Hadamard difference set has parameters (v, k, \) = (4¢%, c(2c —
1), ¢(c — 1)) for some integer c. A difference set D is reversible if D = D71

By Definition 2.1, a reversible (v, k, \)-difference set that does not contain 1 is the same as a
regular (v, k, A\, \) partial difference set. The following result is a direct consequence of Defini-
tion 6.1 and Lemmas 2.3 and 2.5.

Lemma 8.2. Let c be a positive integer, and let P be a ¢(2c — 1)-subset of an abelian group G
of order 4c?. Then the following statements are equivalent.

(i) Pisa (4c* c(2c — 1), c(c — 1)) reversible Hadamard difference set in G, and 1¢ ¢ P
(i7) x(P) € {—c, c} for all nonprincipal characters x of G
(1ii) {G — P} isa(c,1) NLP-packing in G.

The next result follows from Definition 3.1 and Lemmas 2.5 and 8.2.
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Lemma 8.3. Let c be a positive integer, let G be an abelian group of order 4c%, and let U be a
subgroup of order 2c. Then Py, P, are disjoint (4¢*, c(2c — 1), c(c — 1)) reversible Hadamard
difference sets in G whose union is G — U if and only if { P,, P,} is a (c,2) LP-packing in G
relative to U.

We now use LP-packings in 2-groups to produce infinite families of reversible Hadamard
difference sets.

Corollary 8.4. Let u,w and ss, ..., s, be nonnegative integers (not all zero). For each i1 =
3,...,v, let G; = 72 and let U; be a subgroup of G; of order 2% Let G = 73" x ZY x [[;_; G,
let U = Zj x (2Z4)" X [1;_3 Ui, and let |G| = 4c*. Then

(1) forw # 1, there exist two disjoint (4¢*, ¢(2c—1), c(c—1)) reversible Hadamard difference
sets in G whose union is G — U.

(i) there exists a (4c*,c(2c — 1), c(c — 1)) reversible Hadamard difference set in G.

Proof.

(1) By Lemma 8.3, an equivalent statement is that for w # 1 there exists a (¢, 2) LP-packing
in G relative to U. To show this when w is even, take p = 2 and (s1, s2) = (u, 5) and
j =m—1 > 0in Corollary 5.4. To show this when w is odd, note that o (2, w) = wT_l >1
and take p = 2 and (s1, s9) = (u,0) and j = m — 1 > 0 in Corollary 5.7.

(77) In view of part (i), we may assume w = 1. In the case that u and each of the s; is zero,
there is a trivial reversible Hadamard difference set D in Z, comprising just the identity
element. Otherwise, take p = 2 and (sy, s2) = (u,0) and j = m — 1 > 0 in Corollary 5.4
to produce a (£,2) LP-packing in Z3* x [];_, G, relative to some subgroup of order c.
Use Theorem 6.8 to combine this with the (1, 1) NLP-packing {Z, — D} in Z, (as given
by Lemma 8.2) to produce a (¢, 1) NLP-packing in GG, then apply Lemma 8.2.

O]
Remark 8.5.

? orollary 8.4 (7) significantly extends a previous construction for G = Z3, and noncyclic
) Corollary 8.4 (4) significantly dsap for G = Z2. and yel
U of order 2% [36, Thm. 3.1].

(77) All abelian 2-groups in which a reversible Hadamard difference set is known to exist are
recovered by Corollary 8.4 (iz); several other families of abelian groups are also known
to contain reversible Hadamard difference sets (see [7, Chap. VI, Sect. 14]), and all these
groups are recovered by [20, Prop. 3.12]) using elliptic strongly regular bent functions.

(731) The construction of linking systems of reversible Hadamard difference sets in [35, Thm. 5.3]
depends on the existence of collections of disjoint partial difference sets in abelian 2-
groups satisfying mutual structural properties. After some modification, we can reinter-
pret this construction as combining a (2(*~1* 2%) LP-packing in an abelian group of order
2295 relative to some subgroup of order 2%, with the complement of a (2% — 1,257 —
1,257% — 1)-difference set in Zys_; [7, Chap. VI, Thm. 1.10] for s > 1 and a > 0.
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9. Open Problems

In this section, we propose some open problems for future research.

Pl.

P2.

P3.

P4.

P5.

Pé6.

The recursive constructions of LP-packings described in Section 5 rest on two base cases:
a (1, p®) LP-packing in ng relative to Z;, derived from a spread (Example 3.7), and the LP-
packings in p-groups of odd rank given by Result 5.6. Find more base cases, especially in
groups of odd rank (when a spread does not exist).

Section 6 combines small examples of NLP-packings with the constructed families of LP-
packings to produce families of NLP-packings. Find new small examples of NLP-packings.

All known (c,t) LP-packings with t > 2, and all known (¢, t) NLP-packings with ¢ >
1, occur in p-groups (see Section 8 for discussion of (¢, 2) LP-packings and (c, 1) NLP-
packings.) Find examples in groups other than p-groups.

Nonexistence results for LP-packings and NLP-packings can be obtained from known nonex-
istence results for single PDSs (see [88], for example). We can also obtain nonexistence
results for these packings from known nonexistence results for reversible Hadamard differ-
ence sets [7, Chap. VI, Sect. 14], by applying Lemmas 3.11 and 8.3 to (¢, 2t) LP-packings,
and Lemmas 6.7 and 8.2 to (¢, 2t — 1) NLP-packings. Establish further nonexistence results
for LP-packings and NLP-packings.

Construct hyperbolic strongly regular bent functions satisfying additional conditions in or-
der to produce LP-packings in new groups (see Remark 7.3).

Are there collections of partial difference sets with advantageous structure, other than LP-
packings and NLP-packings, that can be analyzed using methods similar to those of this
paper?
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